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A. Fundamental Groupe
the basic idea is to

"

probe the topology of a space
with loops mapped into the space

"

intuitively any loop in 5 can be
"shrunk to a point

"

Tie
.
homotoped to a
constant loop

but there are loopsTina
,⑦

that get
' 'caught on the topology

"

and cannot be shrunk .

sitting:c.
rigorously , as we said above the fundamental groupe of a topological

space X with a base point x.EX is

Tl
,
IX. Xo) = [s '

,
XJo homotopy

classes of
based maps from S

'

to X

we want to see a group structure on this , to this end we need

exercise: let s
' Cpi be the unit circle

p :[o , D
→ s

'

t 1-7 (cos 2kt
,
5152Tt)

is a quotientmap lie. can think of S
'
as Eo. D with end pts

identified)
moreover

,
there is a one- to- one correspondence

between 8 :( 10.11.1913 )→ (X
,
xo) call this a basedtoop

and mix

J : ( s
'

,
Knob ) → IX. xo)

( given by J op = 8 )



so [six ]o is the same as [ (Lois, lad)
,

(X. xD) homotopy , rel endpts,
classes of loops in X based at xo

if 8 :{on]→ X a based hoop
,
then its homotopy class is

denoted ED

if I
, K are two loops based at Xo then define

8
,
* K to bethe loop

8.* K :[oil ]→X : t↳{
8kt) O Et E

'k

Tht- D
'

k EtEl

2e. go
around 8

,
then around Va

8. * K is clearly well-defined on loops , but is it well-defined on

homotopy classes of loops ?

let 8, - K by homotopy H :[o
, DxEo, if→X

S
,

- Sz u n G : [0,13×10,1]→X

we need to find a homotopy 8. * 8
,
to K¥82

that is a map II: lo, Dx Eo . D→ X set. III tool = 8, * 8,
II(till -- K * 8

,

4*82 LILI, s) = Xo 2=0, I
,
tfs

t.ee#.x. → X

-

V
,
* 8, K 82

we can fill in ? with H and G :

×
.

x

8. * S, Ican use such

~ pictures to getrigorously Hct, s ) = { Hates) OETE 42 idea for homotopy
Glzt- I, s) 'KetelI

so [8,3*18]=[4*8] is well-defined !

lemmat

:#IX. xo ), *) is a group
-



-roof:
sidentity:lete:50.1] -X:+++ X. Constantloop

#0+2:[e] +[u] =[u] =[uy*[e]

tonif #S 1 +10
H(t,s) = \VSET) 01t=S

->given (2), then (2]"=5] where (t) =(- t)inverses

where Us(t)=Uist) note

⑲ -DOEpure.*-" Su
v(t) =8(s - st)

<
-

vi. Ein WincE· rigorously
t =YL

H(t,s) =[usRx+-k)sothe+1)) +112

activity:need tosee (, *(z) *W - W,*(2z +Us)

Picture 2,V.Wa
-

EFIrini
#ercise:write outH.

#i

If fix-T a map

XotXany Yo =f(x)

then given anyloop U:<0.1] -Xbased at40

we get a loop for:10.1-Y based at40

Exercise:If UrS then fourfor



so f induces a map

f-
*
: IT IX. xo )→ Til Y

, yo )
[ 831-7 [ for]

1emma
#If* is a homomorphism-

Proof: 6
,
]
,
[ra) E Th (X. Xo)

T
,
* 8
,
Lt) = { Kht) off E

'
k

R Gt- t ) Yz Ets I

a-orator.tk?iiIt...:::IE,
so f- ok, * K ) = (for, ) *(fora)

i.e
. f-

*
(Er, I * Era) ) -- f-* ICH ) * f-* (CH ) ⇐⇒

exercise
-

:

i ) (fog )* = f*°9*

2) if f :X -7 Y is homotop.ci to g :X→ Y relative to Xo EX

then f*=g* : Ti
, IX. xo ) → IT (Y yo )

How does IT depend on the base point ?

let h :[aid→ X be a path with h lol-- Xo and hill = x, J

if 8 is a loop in- X based at Xi , then note

h * f * I ft) = {
ht 3T) Otte 's

813t- t) 43 E TE 43

I (3T- t) 213 EtEl •

¥"

is a loop based at Xo .

Xo

tenma:-

h induces an isomorphism1
.

* x:
"

i:*
"

:1-
-



Remain:
i ) so Isomorphism type of Th(X.xD only depends on path

component of X in which xo lies
2) The Isomorphism depends on h !

Proof:

ton
is a well-defined homomorphism 1exercise)

Claimctn is the inverse of ¢ ,n

indeed given [r] e T, IX. %)

ctnoon ([d) = [ h * 5*8 * h
* I ]

⇒
p based at xo

= [4*5] * [A * [4*5]

but h * I ~ e as a loop based at xo

50
low ¢, ([A)

=@I * [83*6] = [8]

you can similarly Chech ¢n°¢u= idthlx
,
")
#f

Th"#ff;×→Yisahomotopyeqvivalence,the#f
*
: Th IX. xo )→ Th(Y, Hxd)|isancsomorphismto

provethis we need

|%=§pposefo,f,:X→Yarehomo=ihpy|H : Xxlai] → Y

| 'eaten"" and

ni;÷tIIftp.T.mx# |Tf ( X,xo) ° if 4h
(f¥ Ti ( Y

,

t



froofof Th*4:

let g be the homotopyinverse off so

H(X,X0)E) (Y,f(x0))) π,(X,g(f(x))
now gxofx idso bylemma]path h st.

9*ofx
=

Pan isomorphism

sof isinjective

similarlyfogisan isomorphism so farissubjective

ifan isomorphism #
Y

ofoflemmat:

suturepa ⑭is
&ercise:write outexplicithomotopy#

Recap: We have a "functor"
pointed topological

growsophisms3spaces,S pointed maps 3
homotopicspaces map toisomorphicgroups
homotopicfunctions map tothe "same"homomorphism



B.SimpleComputations

lemmata

#IfX is contractible\thenT.li/.xoI--lHV-xoe#
Proof : If X is a one point space , then I ! loop 8 :[oil→ X

so IT(X, xo ) = 11 ) Iconstant loop)

X contractible ⇒ X= one point space

so done by Th ' 4
17¥

Remade A space X is called simplyconnected

if i ) X is path connected ,

and

2) Th (X. x. ) = 111

so contractible spaces are simply connected

simply connected means "path connected in a particulary simple
way

"

lemma7-i.ge#ywopoin-tsT
)X is simply connected

are connected by a unique homotopy class of\paths
Proofi ⇐) path connected by existenceof path

any loop based at Xo homotopic to constant

loop by uniqueness of homotopy class ofpath,

⇒ path connectedgives existence ofpath a to b

given 2 paths 8.8 :Loil)→X from a to b
←
constant a

Simple connectivity implies a * I
- e

a

path



now y - 8*15*8) - (8*5)*8 ~ Ea 't 8 - S
T

'

from proofof
T
from proof✓

lemma I even
of lemma 1

though 8 a path Iall homofopies
5*8 ~ e,

hell end pts of path )

EA
Thay

:#IT, (5)

=L
'S fuzz
#

need lemma

1emma

-
let X - AUB

f.÷÷÷÷:::::::::::÷
. Ican be written as 8 - 8. * . . . * rn

where each K is a loop in
' A or B based at Xo
-

•

(O
, -

- go, i)

proofot-YIIH.si?i::i::o?..I--""

IN
"

AND : S
"

-

196
,

' 'ItI = 5-
'

HR
.

co, . . .,o,
- is

all are path connected

take Xo E An B

any
EHe 4157 xo) can be written as

[ s) --Cr.Kris . . . Crn ] where H ] E TICA. xo)
or FCB

.
xo)

by lemma 9



but (A,X0) =(1) =π(B,X0)so[V] =[2x]
and hence (S", x0) =413

#

ofoflemma 9:

given Ui0.1]- Xa loop based at40

in 2/(t
-1t]

c A or B

Pain:there existotoct,....

tar,and UIE,) < AlB

giventhisletS:20,17-A1B
connect to toU(t)

and 5
=0/+11 +2]

note:V,*2,*... Un - (2, *5(*(S, +Vz+2+5 ... (Gn-FU)
loop in loop in...

goodintheA or B Aor B

1ofclaimpologyFactesquenumber lama

Hatcher'sproofimplicitlyuses the SUdSeAan open cover
Axcom ofchoice (when choosings any
intervals containingeach point) GeoporoforcompartmentcentTheproof here is more "direct" topo

and St. U sets 5 withdiam(s) <8
book 79 st.SCUx

-

now ( =0"(A), Uz =U"(B) isan open
cover of [0.1] so ST0 St. if

Ib-a/<8 then CarbJCW, 1 =0 or 1



letn be st.h <S

now U/Lz, 1]
< Aor B

so startwithto1 =0,000 n

now ifUSteriitJ'U[tnituti] both in Aor

the throw outto

continuing gives desired partition #

Im

x,(X0,Y0) =π π,(x,y))

-roof: E: π,(X,X0) +π,(Y,Y0) ->π(XxY,(X0,40)
([V], [S]) +- [W xS]

where (5xS)(t) =(U(+), S(t))
isan isomorphism
Exercise:1) Show Iiswell-defined homomorphism

2) show Iis bijection (use projection *

C. ndamentalGroup of s

InoxEznlmnendsroZisin
Remark: Proof is an example ofveryimportanttechnique

thatwe will see again!



The proof involves studying the map
p : IR → s

'
: t I→ (cos 2kt, sin Ztt)

to

⑦ note: p
- '

Cdo)) = Z

p is a special case of acoveringmay
lwe will study these

quite a bit later)

If I:[oil → s ' is a path basedat Chol then aliftoff based

atEZ is a mapI: Lo, D
→ IR Sf

j, IR
i )I( o ) = n o I p

2) PoText=TextFx YIs '
"""""""→%"d*"""path a) for each a t#,

lifting → u

to a unique path In based at n
.

hitting#" 't
-

Iie:
'

Is:::::!
.

!%e:¥?:p:and ri are#
Proof of Th " II given lemma 12 :-

Given 8 tCHET, Cs! Choi)

lemma 12 a ) says 3
! To :[o

, is→ IR

since Toll) e p - '(do)) =Z we can define

I : Tics '
,
Chol)→Z

as torn,

lemma 12 b) say E is well-defined

testee : letInIts
= at for t Eso, it

and 8
"

Ctl --posh



clearly In as a lift based at o of the loop S
"

and ICan] )=L,

E is injective-
suppose

8
,
r
'

are two loops in
- S

'

set. Jou ) - J; cc)

set It Isotta- f) Joist + t Jo
'

Csl

and Hls, t) -- po IICGH

note : Hls
,
01=8Cs)

or

HCS
, 1) = 861

Itto
,
t) = 1401 = HCl

,
t) ft

re. It is a homotopy of based loops

7.e
.

8- y
'

→

oiahomomorphcsm:

given [r) , [r
'

] c- Tics
'

,
Cho))

let Jo
, To be the lifts of 8,8

'

(based at o)

Ifr) ) -- Jochen Elser 'D -- Fout m

note: 1) Finch -
-

n + File) since rt
.
hand side is a lift

and lift is unique
2) To * Jh is a lift of 8*8

'
based at o

so I ([8318 'T ) = Fix ' Ci ) = I * Fn'll) -- ntm
= Earl ) t E CH 'D

L#

Proofoflemma exercise: think about uniqueness (we
will do more

parts: let A
- S

'
- {Choy

about this forgeneral covering space)

p
- ' (A) = U k , etc)

2 EZ-

Ai

note: plan :A.→A a homeomorphism !



similarly if B = s
'
-I- heh

→

then
p
- ' CB) -¥Gy) - ←

Bi
Ip yupand p 1B

,

:B
,
→ B ahomeomorphism a

Obvious but important observation :
no) a.

If f:X-7 s' has image in
' A

then after choosing n e E F a unique map
I :X -7 Anc IR

such that pot-- f

re
. just set if -

-(plant
-'

of

Sini Harty for fIX) CB.
now given a loop 8!CQD

→ s ' based at Chol

note: { 8
- '

IAt
,
8-
'

IB)} an open cover of compact Coil]

so F Lebesgue number 8>0 for cover

choose n set. th a 8

note : if t
,
-
- ha then Hunted) CA or B

if HEti - uti) and HEH . tied) he in sameA or B then

discard t; ( do this inductively on it

so we get a partition to -- oat, a . . . a the I of Eo. D

set. 8lftp.t,,?) c B for 2 even (since ZINA =0){A for I' odd
now

set
In -- LpIBI

'

o 8 on Eto
,
til

note : Fnlti ) E Ah some k

so set In = (plant
- '

ok on It
. , to]

inductively continue to get In defined on lo , if



since all lifts agree at endpoints Fn is continuous and
clearly the desired lift ! -1

partbt:
just like proof path lifting : Given homotopy H :[on]x{on]→ s

'

get Lebesgue number 8>0 for { H
' '

(A)
,
H
' '

IB)}

pick ns.t.tn < 8 then consider

FH# "III.
an . *a

exercise: write out details
#.

Many corollaries of this computation , eg
her 13 :
-- There Is no retraction D→2D2÷
# It there were a retraction r : D2→ 5=2132

then consider the inclusion map i :S
'
→ D
' (as 215)

note roi :S
'
→ s

'

is the identity map !

so r*oe*= (roi)*=(idsi )*= idt
,
,s
,
a.on

: Z → Zt ⇒ i
* injective

but it45
,
a.d) = { 1}

,
so l* = constant map * iajectivity#

Cord

:-||any map f :D '→D
"

has a fixed point
-

Proof: itf: 15→ 15 had no fixed points , then for each x ED
a,

let R×= ray starting at fk) going through ×ngeqgR.gg?yYmexaotklpomtyx@oh



exercise:g(x) continuous (egfor Rx continuous in x

egtfor RX1S' continuous inx)

cleary , a retraction!*Cor 13*

Manyother applications!
1) Fundamental TheofAlgebra
2) Borsuk-UlamTh*labtmaps 5'-s' and 5- 1RY

3) Hamsandwich
th

see Hather'sBook and supplimentclass webpage


